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Abstract—Tensor completion (TC), aiming to recover original
high-order data from its degraded observations, has recently
drawn much attention in hyperspectral images (HSIs) domain.
Generally, the widely used TC methods formulate the rank
minimization problem with a convex trace norm penalty, which
shrinks all singular values equally, and may generate a much
biased solution. Besides, these TC methods assume the whole
high-order data is of low-rank, which may fail to recover
the detail information in high-order data with diverse and
complex structures. In this paper, a novel nonlocal low-rank
regularization-based TC (NLRR-TC) method is proposed for
HSIs, which includes two main steps. In the first step, an ini-
tial completion result is generated by the proposed low-rank
regularization-based TC (LRR-TC) model, which combines the
logarithm of the determinant with the tensor trace norm. This
model can more effectively approximate the tensor rank, since
the logarithm function values can be adaptively tuned for each
input. In the second step, the nonlocal spatial-spectral similarity
is integrated into the LRR-TC model, to obtain the final com-
pletion result. Specifically, the initial completion result is first
divided into groups of nonlocal similar cubes (each group forms
a 3-D tensor), and then the LRR-TC is applied to each group.
Since similar cubes within each group contain similar structures,
each 3-D tensor should have low-rank property, and thus further
improves the completion result. Experimental results demonstrate
that the proposed NLRR-TC method outperforms state-of-the-art
HSIs completion techniques.

Index Terms—Hyperspectral image (HSI), low-rank approxi-
mation, nonlocal strategy, tensor completion (TC).

I. INTRODUCTION

G IVEN an observed incomplete image, the objective of
image completion is to fill its missing part so that a plau-

sible outcome is obtained. To achieve this objective, various
methods have been designed, including the partial differential
equations [1], total variation [2], and belief propagation [3].
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Since these methods do not fully capture the global correla-
tions hidden in data, their completion results are usually not so
satisfying. Recently, the rank minimization has demonstrated
to be a powerful global constraint [4]–[7], which has an exten-
sive range of applications in computer vision [8], [9] and signal
processing [10].

In the matrix case, since direct rank minimization is gener-
ally a nondeterministic polynomial hard problem [11], some
literatures [12], [13] have adopted the trace norm as a con-
vex proxy to approximate the matrix rank, and the researches
in [14] and [15] have shown that the matrix rank minimization
problem can be solved using a convex relaxation technique
under certain linear constraints. Despite the theoretical sound-
ness, the trace norm penalty over-penalizes large singular
values, and may make the solution deviate from the orig-
inal solution [16], [17]. To make a closer approximation
to the matrix rank, some nonconvex researches, e.g., log-
determinate function [18]–[20], weighted nuclear norm [21],
tractable Schatten norms [16], [17], and iterative reweighting
algorithm [22], [23], have been proposed. However, the log-
determinate function in researches [18]–[20] are quite limited
in application and they are designed for specific application.
In addition, the matrix can only well address binary-factor
variability of data, which has the limitation for extracting
information from a multidimensional perspective.

Instead of matrices, high-order tensors have attracted much
attention [24]–[27], since they can accurately reveal more
complicated intrinsic structures underlying multidimensional
data. In [28]–[30], low-rank tensor completion (LR-TC)
has been applied to hyperspectral image (HSI) comple-
tion problem. In general, the current development of LR-
TC methods can be roughly classified into two categories:
1) CANDECOMP/PARAFAC (CP) decomposition-based [31]
and 2) Tucker decomposition-based [32].

For the CP decomposition-based LR-TC
approaches [28], [33], [34], a tensor is first factorized
into a sum of component rank-1 factors, and then a rank
minimization constraint is imposed upon the factors. In
specific, Liu et al. [28] have proposed a factor matrix
rank minimization method for TC. In [33], the CP model
has been formulated as a weighted least squares method.
Although these approaches require less storage space, the CP
decomposition-based LR-TC methods require a predefined
rank. In fact, determining or even bounding the CP rank
of an arbitrary tensor remains a difficult task [35]–[37],
especially for the uncomplete data, and few researches have
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been presented to solve this problem. Zhao et al. [38], [39]
have introduced the fully Bayesian CP factorization (FBCP)
method to determine the CP rank by Bayesian inference.
However, these methods are based on hierarchical probabilis-
tic framework, which generally shows slow convergence and
has complex computation.

For the Tucker decomposition-based LR-TC
approaches [37], [40]–[42], researchers first transform
the tensor into matrices, and then solve the matrix rank
minimization problem. Tensor trace norm (TTN) [40], [41]
has been introduced to approximate the tensor rank, which
is defined as the weighted sum of all the trace norm of
matrices unfolded along each mode. Meanwhile, many algo-
rithms have been proposed to solve the TTN minimization
problem by using the alternative direction multiplier method
(ADMM) [40], Douglas–Rachford splitting technique [41],
and a fixed point iterative method [42], etc. In addition,
Mu et al. [37] have proposed a square deal model to approxi-
mate the tensor rank. In a word, studies in [37] and [40]–[42]
formulate the tensor rank minimization problem with a
convex trace norm minimization. Nevertheless, nonconvex
researches [29], [43], [44] have shown that they outperform
those based on conventional trace norm methods in tensor
recovery. Moreover, the LR-TC methods mentioned above
directly perform the low-rank constraint on the whole data
to obtain the final completion result. By this way, the detail
information may not be well recovered in high-order data with
diverse and complex structures, especially in low sampling
rate (SR).

To tackle the problem of the trace norm penalty shrinks
each singular value equally in tensor rank approximation,
and better recover the detail information in high-order data
with diverse and complex structures, a novel nonlocal low-
rank regularization-based TC (NLRR-TC) method is proposed
for HSI completion, which consists of two steps. In the first
step, the low-rank regularization-based TC (LRR-TC) model
is introduced into the whole degraded tensor data, providing
an initial completion result. The LRR-TC combines the loga-
rithm of the determinant and the TTN, which can treat each
singular value adaptively. In the second step, nonlocal spatial-
spectral similarity is integrated with the LRR-TC model, to
obtain the final completion result. More specifically, similar
cubes in the initial completion result are first clustered into
3-D tensors, and then the LRR-TC is applied to each grouped
tensor. Since similar cubes within each group contain simi-
lar structures, each 3-D tensor should have low-rank property.
Applying the LRR-TC to each grouped tensor, the diverse and
complex structural information can be better recovered. The
contributions of this paper are summarized as follows.

1) We propose a novel nonconvex LRR-TC to effectively
approximate the tensor rank. The logarithm of the trace
norm can be skillfully transferred into the weighted trace
norm, whose minimization can be efficiently solved.

2) We propose a nonlocal TC strategy, which can effec-
tively utilize the nonlocal spatial-spectral similarity
within HSI.

3) A tensor low-rank regularization (TLRR) algorithm
based on ADMM is introduced to efficiently solve

the LRR-TC, and the convergence of this algorithm is
also analyzed. Experiments on HSIs completion show
that the proposed method achieves the state-of-the-art
performance among various quality assessments.

The rest of this paper is structured as follows.
Sections II and III briefly overview preliminaries and related
work. Section IV introduces the proposed NLRR-TC method
for HSI completion. Experimental results and analysis are
reported in Section V. Finally, the conclusions and future work
are given in Section VI.

II. NOTATIONS AND PRELIMINARIES

In the rest of this paper, scalars, vectors, matrices, and ten-
sors are denoted by nonbold lowercase letters (e.g., a), bold
lowercase letters (e.g., a), uppercase letters (e.g., A), and Euler
script letters (e.g., A), respectively. In addition, the trace norm
of a matrix A is denoted as ‖A‖∗, which is defined as the sum
of the singular values of a matrix A, i.e., ‖A‖∗ = ∑

i σi(A).
An N-dimensional tensor is denoted as X ∈ RI1×I2×···×IN .

Elements of X are denoted as xi1···ik···iN , where 1 ≤ ik ≤ Ik

and 1 ≤ k ≤ N, while the order of a tensor is the number of
dimensions, also known as ways or modes. A fiber of a tensor
X is defined by fixing all indices of X but one, i.e., a mode-n
fibers of X are all vectors xi1···in−1 : in+1···iN obtained by varying
index in while keeping the others fixed, and a slice of X is
defined by fixing all indices but two. The mode-n unfolding
of tensor X is denoted by X(n) = unfold(n)(X ) ∈ RIn×∏j �=n Ij ,
which is obtained by arranging the mode-n fibers of X as
its column vectors. The inverse operation “fold” is defined as
foldn(X(n)) = X .

There are two widely used definitions for the tensor rank.
One is the Tucker rank [32] characterized by unfolded matrices
along each mode, i.e.,

ranktc(X ) = (
rank

(
X(1)

)
, . . . , rank

(
X(n)

)
, . . . , rank

(
X(N)

))

(1)

where X(n) ∈ RIn×∏j �=n Ij is the mode-n unfolding of X . The
other is CP rank [45], which is defined as the minimum
number of rank-1 decomposition, formulated as

rankcp(X ) = min
{

r|X =
∑r

i=1
a(i)

1 ◦ · · · ◦ a(i)
j ◦ · · · ◦ a(i)

N

}

(2)

where ◦ represents the vector outer product and a(i)
j ∈ RIj , j =

1, . . . , N.
The inner product of two tensors X , Y ∈ RI1×···×IN

is calculated by sum of the product of their entries, i.e.,
〈X ,Y〉 = ∑n1

i1=1 · · ·∑nN
iN=1 xi1···iN yi1···iN . The Frobenius norm

of a tensor X is defined as ‖X‖F = √〈X ,X 〉 and the L1 norm
is defined as ‖X‖1 = ∑n1

i1=1 · · ·∑nN
iN=1|xi1···iN |. More details

about tensors can be found in [45].

III. RELATED WORK

The general model of TC is to minimize the tensor rank
function under limited sample constraints, i.e.,

min
X

: rank(X )

s.t., X� = T� (3)
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where � is an index set of the same size as T , and zeros in
� indicate the missing entries in T . This constraint reveals
that the value of the estimated tensor X is the same as T in
the observed entries. To address the tensor rank minimization
problem (3), there are roughly two typical LR-TC methods:
CP decomposition-based [31], and Tucker decomposition-
based [32], respectively. Details of these two methods are
presented below.

A. CP Decomposition-Based Tensor Completion

Given a general tensor X ∈ RI1×I2×···×IN with tensor rank
r, the CP decomposition can be expressed as the following
form:

X = X1 ◦ X2 · · · ◦ XN =
r∑

i=1

x(i)
1 ◦ x(i)

2 ◦ · · · ◦ x(i)
N (4)

where ◦ represents the vector outer product and Xn =
[x(1)

n , x(2)
n · · · , x(r)

n ] ∈ R(In×r), n = 1, . . . , N represents the fac-
tor matrix of X . Liu et al. [28] have attempted to complete
the low-rank tensor X by solving the following optimization
problem:

min
X ,Xn

N∑

n=1

αn‖Xn‖∗ + λ

2
‖X − X1 ◦ X2 · · · ◦ XN‖2

F

s.t., X� = T� (5)

where Xn ∈ R(In×R), n = 1, . . . , N, the coefficients {αn} are
prespecified constants, and R is the upper bound of tensor rank
r. Suppose the elements of A in the set � are sampled, work
in [34] has proposed a parallel method to seek the components
x(i)

n in (4) for a tensor X of rank r, by solving the optimization
problem

min
x(i)

n

∥
∥
∥
∥
∥

P�

(

A −
r∑

i=1

x(i)
1 ◦ x(i)

2 ◦ · · · ◦ x(i)
N

)∥
∥
∥
∥
∥

2

2

+λ

r∑

i=1

N∑

n=1

∥
∥
∥x(i)

n

∥
∥
∥

2

2

(6)

where λ is the regularization parameter. In general, deter-
mining or even bounding the CP rank r of an arbitrary
tensor remains a difficult problem [35]–[37], especially for
the uncomplete tensor.

B. Tucker Decomposition-Based Tensor Completion

Liu et al. [40] have introduced TC based on the
minimization of Tucker rank defined in (1). More specifically,
they use the nuclear norm as the convex relaxation for the
matrix rank as follows:

min
X

N∑

i=1

wi
∥
∥X(i)

∥
∥∗, s.t., X� = T� (7)

where the coefficients {wi} are constants meeting wi ≥ 0.
Moreover, three efficient algorithms have been proposed
in [40] to solve problem (7). In addition, Mu et al. [37] have
proposed the square deal model to recover X ∈ RI1×I2×···×IN .
The square deal is the nuclear norm of a squarer matrix X[j]
and its objective function is

min
X
∥
∥X[j]

∥
∥∗, s.t., X� = T� (8)

where X[j] is defined as

X[j] = reshape

⎛

⎝X(1),
∏

i≤j

Ii,
∏

i>j

Ii

⎞

⎠ (9)

and j ∈ {1, 2, . . . , N} aims to make
∏

i≤j Ii as close to∏
i>j Ii as possible. When the involved tensor order is no

more than three, this square deal model may not deliver good
performance [28]. The studies in [37] and [40] formulate the
tensor rank minimization problem with a convex trace norm
minimization. Nevertheless, the trace norm penalty makes all
singular values shrink equally, and a solution deviated signifi-
cantly from the truth may be generated [16], [17]. In addition,
these methods assume the whole tensor data is of low-rank.
However, it only approximates to low-rank for the high-order
data with diverse and complex structures [40], [46]. In such
cases, directly performing the low-rank constraint on the whole
data to get the final completion result may not well recover
the detail information, especially in low SR.

IV. PROPOSED NLRR-TC APPROACH

In this section, the NLRR-TC is presented for HSI com-
pletion, which can adaptively shrink each singular value of
unfolded matrices, and effectively exploit the nonlocal spa-
tial self-similarity within HSI. It consists of two main steps:
1) LRR-TC-based initial completion and 2) LRR-TC-based
final completion. In the first step, the LRR-TC is introduced
to the whole degraded tensor data to provide an initial com-
pletion result. The LRR-TC model combines the logarithm of
the determinant with the TTN to approximate the tensor rank.
Since the logarithm function values can be adaptively tuned
for each input, the integration of the logarithm of the deter-
minant with the TTN can effectively approximate the tensor
rank. In the second step, the nonlocal spatial-spectral sim-
ilarity is integrated with the LRR-TC model, to obtain the
final completion result. More specifically, according to the
high spatial-spectral similarity within HSI, the initial com-
pletion result is first divided into groups of nonlocal similar
cubes, and each group forms a 3-D tensor, then the LRR-
TC is applied to each formed 3-D tensor. Since similar cubes
within each group contain similar structures, each 3-D tensor
should have low-rank property. By applying the LRR-TC to
each grouped tensor, one can better recover the diverse and
complex structural information.

The proposed NLRR-TC method is demonstrated in Fig. 1,
and will be described in the following three sections: 1) the
LRR-TC model; 2) the TLRR algorithm to solve LRR-TC;
and 3) nonlocal clustering for TC.

A. LRR-TC Model

In general, recent models [40], [41] utilize the TTN as a
convex relaxation of the tensor rank, and the tensor X can be
recovered by solving the following optimization problem:

X = argmin
X

N∑

i=1

wi
∥
∥X(i)

∥
∥∗ s.t., X� = T�. (10)
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Fig. 1. Framework of the proposed NLRR-TC method.

However, TTN formulates the tensor rank minimization
problem with a convex trace norm penalty, which may yield
a biased solution. To make a closer approximation to the ten-
sor rank, the LRR-TC model is introduced that combines the
logarithm of the determinant with the TTN, and is defined as

min
X

:
N∑

i=1

αiR(X(i), ε)

s.t., X� = T� (11)

where X(i) is the mode-i unfolding of X and the coefficients
{αi} are constants meeting minimal value of {αi} is 1.
R(X, ε) = ∑

j log(σj(X)+ ε), σj(X) represents the jth singular
value of matrix X, and ε is a small positive number.

Let g(σ, ε) = log(σ + ε). The function value becomes
gentler as the singular value gets larger, and each singular
value can be treated adaptively. More specifically, g(σ, ε) can
be approximated using the first-order Taylor expansion as
g(σ, ε) = g(σ k, ε) + 〈∇g(σ k, ε), σ − σ k〉, where σ k is the
solution obtained in the kth iteration. Constants in the first-
order Taylor expansion can be ignored since they do not affect
the minimization problem. The solution of min

σ
g(σ, ε) can be

approximated by that of min
σ

(σ/(σ k + ε)). Therefore, the solu-

tion of min R(X, ε) can be approximated by the solution of

min
∑

j (σj(X)/(σ k
j (X) + ε)). As can be seen, for the larger

singular value input, the logarithm function will shrink the
singular value less, and thus more meaningful structural infor-
mation can be preserved. By contrast, for the smaller one,
the logarithm function will shrink the singular value more.
Hence, the LRR-TC model can effectively approximate the
tensor rank, leading to a better TC result.

Let R(X) represent R(X, ε). Therefore, instead of solv-
ing (3), our aim is then changed to solve the following
minimization for TC:

min
X

:
N∑

i=1

αiR
(
X(i)

)

s.t., X� = T� (12)

In the next section, a TLRR algorithm is introduced to
efficiently solve the objective function (12).

B. TLRR Algorithm to Solve LRR-TC Model

Recently, it has been shown in [28] and [47] that the
ADMM [48] is very efficient to handle large scale problems

and solve optimization problems with multiple objective items.
In this paper, we present the TLRR algorithm for solving the
proposed model (12) by using the ADMM technique. First,
we introduce N auxiliary tensors Mi(1 ≤ i ≤ N) and obtain
the following equivalent formulation:

min
X ,M1,...,MN

N∑

i=1

αiR
(
Mi(i)

)

s.t., X� = T�,X = Mi, 1 ≤ i ≤ N (13)

where Mi(i) = unfoldi(Mi). Then, the ADMM is applied to
solve (13). The advantage of ADMM is that we can divide (13)
into two subproblems that both have optimal solutions. By
applying the ADMM to (13), we obtain

Lμ(X ,M1, . . . ,MN, y1, . . . , yN)

=
N∑

i=1

αiR
(
Mi(i)

)+ 〈
X − Mi, yi

〉+ μ

2
‖X − Mi‖2

F

(14)

where μ is a positive scalar, and yi(1 ≤ i ≤ N) are the
Lagrange multipliers. The problem (14) can be solved with
the following iterations:

{
Mk+1

1 , . . . ,Mk+1
i ,Mk+1

N

}

= argminM1,...,Mi,...,MN
: αiR

(
Mi(i)

)

+μk

2

∥
∥
∥
∥X

k + 1

μk
yk

i − Mi

∥
∥
∥
∥

2

F

X k+1 = argminX
N∑

i=1

∥
∥
∥
∥X + 1

μk
yk

i − Mk+1
i

∥
∥
∥
∥

2

F

yk+1
i = yk

i − μk
(
Mk+1

i − X k+1
)

μk+1 = t ∗ μk (15)

where t > 1, denoted as the step length. With Mk+1
j (j �= i)

and other parameters fixed, Mk+1
i can be updated by solving

the following problem:

min
Mi

ai R
(
Mi(i)

)+ 1

2

∥
∥
∥
∥X

k + 1

μk
yk

i − Mi

∥
∥
∥
∥

2

F
(16)
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Algorithm 1 TLRR
Input: Degraded tensor T , index set �, Lagrange multipliers
yi(i = 1, . . . , N), positive scale μ, and constant t.
Output: Completed tensor X .
Initialize: Number of iterations k = 0, X� = T�, X� = 0,
and yi = 0(i = 1, . . . , N).
while not converged do
(a) Compute Mk+1

i , i = 1, . . . , N, via Eq. (18).
(b) Compute X k+1 via Eq. (20).
(c) yk+1

i = yk
i − μk(Mk+1

i − X k+1), i = 1, . . . , N.
(d) μk+1 = tμk.
end while

where ai = (αi/μ
k). By using the first-order Taylor expansion

to approximate the R(Mi(i)), (16) can be transform into

min
Mi(i)

ai

∑

Ii

σIi

(
Mi(i)

)

σIi

(
Mk

i(i)

)
+ ε

+ 1

2

∥
∥
∥
∥Xk

(i) + 1

μk
Yk

i(i) − Mi(i)

∥
∥
∥
∥

2

F
.

(17)

This minimization problem (17) can be solved in a closed-
form [21], and Mk+1

i can be updated by the following:

Mk+1
i = foldi

(
V1�aiV

T
2

)
(18)

where �ai = diag(Sai,ε(σ1), . . . , Sai,ε(σIi)) and
V1diag(σ1, . . . , σIi)V

T
2 is the SVD of unfoldi(X k + (1/μk)yk

i ).
Here, Sb,ε(·) is the singular value thresholding operator,
which is defined as

Sb,ε(x) =
{

0 if r2 ≤ 0

sign(x)
(

r1+√
r2

2

)
if r2 > 0

(19)

with that r1 = |x|−ε, and r2 = (r1)
2−4(b−ε|x|). Similarly, for

fixed Mk+1
i s, yk

i and μk, X k+1 admits a closed-form solution

X k+1 = P�(T ) + P�

(
1

N

N∑

i=1

(

Mk+1
i − 1

μk
yk

i

))

(20)

where � is the complements of �, and P� is the projection
operator of �, formulated as

P�(T ) =
{
Ti1,i2,...,iN if (i1, i2, . . . , iN) ∈ �

0 otherwise.
(21)

Such process is iterated until convergence, and the TLRR
algorithm to solve the proposed LRR-TC is summarized in
Algorithm 1.

Theorem 1: In general, the arbitrary sequence {X k} ∈
RI1×I2×···×IN generated by the TLRR algorithm satisfies

lim
k→∞

∥
∥
∥X k+1 − X k

∥
∥
∥

F
= 0

lim
k→∞

∥
∥
∥Mk

i − X k
∥
∥
∥

F
= 0,∀i = 1, 2, . . . , N. (22)

The detailed proof of Theorem 1 is given in the supplementary
file. It is worth noting that the proof of Theorem 1 relies on
μ > 0 and the unboundedness of the positive scalar μk.

C. Nonlocal Clustering for Tensor Completion

Considering an initial completion HSI X ∈ RI1×I2×I3 , we
first partition it into overlapped cubes with the spatial size
of W × W and full spectrum size. These cubes are denoted
as {Cmn} ∈ RW×W×I3 , where m = ((I1 − W/W − p) + 1),
n = ((I2 − W/W − p) + 1), and p is the size of overlaps. A
group of 2-D patches {Pmn} ∈ RW2×I3 is constructed to repre-
sent X , by reshaping each band of a cube into a 1-D column
vector. All cubes can be reformulated as a group of 2-D full

band patches ϕ = {Yi ∈ RW2×I3}I
i=1, where I = m × n. The

efficient K-means++ method [49] is employed to obtain clus-
ters X l ∈ RW2×I3×ln, l = 1, 2, . . . , L, where L is the number
of clusters and ln is the number of nonlocal similar 2-D full
band patches in the lth cluster. Clusters of the index set �

cubes are also built with the same spatial structure, denoted
as �l ∈ RW2×I3×ln, l = 1, 2, . . . , L, where L is the number of
clusters and the spatial locations of �l are the same as X l.
In this way, both the spatial and spectral correlations are well
preserved in such representation along with its spectral and
nonlocal-similar-cube-number modes.

After nonlocal clustering of the similar cubes, the LRR-TC
is applied to each grouped 3-D tensor X l ∈ RW2×I3×ln, l =
1, 2, . . . , L. With the high similarity in the grouped cubes, the
formed 3-D tensors X l ∈ RW2×I3×ln, l = 1, 2, . . . , L, should
have low-rank property and can be recovered by solving the
following optimization problem:

min
X̂ l

:
3∑

i=1

αiR
(

X̂l
(i)

)

s.t.,
(
X̂ l
)

�l
=
(
X l
)

�l
, l = 1, 2, . . . , L. (23)

where �l is an index set of the same size as X l. All recon-
structed 3-D tensors X̂ l, l = 1, 2, . . . , L can be returned to the
original position to reconstruct the completed HSI X̂ . The
proposed NLRR-TC is summarized in Algorithm 2, which
mainly consists of two steps. In step 1, the LRR-TC is intro-
duced into the whole degraded tensor to provide an initial
completion result. In step 2, the nonlocal clustering process is
first conducted to group the 3-D tensors, and then, the LRR-TC
is applied to each grouped tensor.

V. EXPERIMENTAL RESULTS

A. Experimental Setup

In this section, the effectiveness of the proposed NLRR-
TC method in HSIs completion is evaluated. Meanwhile, to
verify the effectiveness of the proposed LRR-TC model that
combines the logarithm of the determinant with the TTN
to approximate the tensor rank, LRR-TC-based initial com-
pletion result in NLRR-TC method, denoted as LRR-TC,
is also included for comparison. Both natural hyperspectral
data and remote sensing hyperspectral data are used in our
experiments. In addition, we uniformly generate the index
set � at Gaussian random distribution, and define the SR as
SR = (|�|/(I1 × I2 × I3)), where |�| represents the number
of observation elements in the index set �. All experiments
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TABLE I
AVERAGE QUANTITATIVE RESULTS OF THE TEST METHODS WITH DIFFERENT SRS ON THE FOUR NATURAL HSIS. THE SRS ARE

10%, 20%, AND 40%, RESPECTIVELY. THE BEST RESULT IN EACH CASE IS HIGHLIGHTED IN BOLD

Algorithm 2 NLRR-TC
Input: Degraded HSI T , index set �, the number of clusters
L, and number of iterations K.
Output: Final completed HSI X̂ .
Step 1. LRR-TC based initial completion
Estimate an initial HSI X via LRR-TC.
Step 2. LRR-TC based final completion
(a) Group similar cubes of the X into L tensors X l, l =
1, 2, . . . , L, via K-means++ [49].
(b) The cubes of the index set � are also grouped into L
tensors �l, l = 1, 2, . . . , L, using the spatial location of the
clusters obtained in (a).
For l=1:L do
(c) Solving Eq. (23) via LRR-TC.
end for
Return {X̂ l}, l = 1, 2, . . . , L, to the original place to recon-
struct the final completed HSI X̂ .

were performed by a PC (Intel I7-6850K 3.6 GHz, 64 GB
memory).

Here, two widely known data sets, CAVE Database [51]1

and Natural Scenes 2002 [52],2 are used for test the
performance of the proposed method. Both of CAVE database
and Natural Scenes 2002 are widely used in HSI recovery lit-
erature [53]. Two images from CAVE Database (Jelleybeans
and Watercolors) and two images from Natural Scenes 2002
(Scenes 4 and Scenes 8) are used in our experiments for nat-
ural HSIs completion, and the test images are subimages (31
spectral bands, the size of each band is 300 × 300) of the
original images.

Two remote sensing hyperspectral data sets, i.e., the “Pavia
University” and “AVIRIS Cuprite,” are also used for testing the
completion performance of the proposed method. The Pavia
University data set contains 103 spectral bands after the seri-
ously noise-corrupted bands being discarded, with spatial size
of 610 × 340, and it is widely used in HSI processing litera-
tures [54], [55]. The test image is the subimage (103 spectral

1http://www.cs.columbia.edu/CAVE/database/multispectral/
2http://personalpages.manchester.ac.uk/staff/d.h.foster/

bands, the size of each band is 200×200) of the original image.
The AVIRIS Cuprite data set is of spatial size of 250 × 191.
This image is initially composed of 224 bands, which has
been reduced to 188 bands (selected the same as [56]) after
removing the water vapor absorption bands. Four evaluation
measures and relative square error (RSE) are used to objec-
tively assess the completion results in our experiments. The
RSE is defined as RSE = ‖X − T ‖F/‖T ‖F , where X and T
are the recovered and ground truth data, respectively. The four
evaluation measures are peak signal-to-noise ratio (PSNR),
structure similarity (SSIM), feature similarity (FSIM), and
spectral angle mapper (SAM). Good completion results cor-
respond to larger values in PSNR, SSIM, and FSIM, while
smaller values in RSE and SAM.

Before the experiments, the values of the test data sets are
normalized to the interval [0, 1], and all experiment results
are the average of five trials. The stopping criterion for the
proposed method is measured by the relative change of the
two estimated tensors, i.e., ‖X k+1 − X k‖F/‖X k+1‖F < tol.
The completion results of the proposed NLRR-TC methods are
quantitatively and visually compared with six state-of-the-art
TC algorithms, i.e., HaLRTC [40], Square Deal [37], tensor-
SVD (t-SVD) [50], TMac [30], FBCP [38], and TNCP [28].
All parameters involved in the compared algorithms are set
empirically to achieve the best performance in terms of
objective metrics.

B. Parameter Settings

There are two important parameters in the proposed NLRR-
TC method, i.e., the spatial patch size (W × W) of cubes
and the maximum iteration K, which are discussed in the
supplementary file to this paper for space limitation.

The value of the spatial patch size W × W is set to 5 × 5
and the maximum iteration K = 300. To balance the com-
putational complexity and recovery performance, overlapping
patch size is set to be 2 × 2 (p = 2). The step length t used
to determine the rate of convergence is set to be 1.1, and the
number of clusters L =10, tol = 10−4 are set empirically
in experiments. For better TC performance, the coefficients
{αi} are tuned separately for each case. Since the LRR-TC
model is used twice in the NLRR-TC method, let v(0) and
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(a) (b) (c) (d) (e)

(f) (g) (h) (i) (j)

Fig. 2. Reconstructed images of the Pavia University data set at the 68th band with 20% SR. The first and third rows show the recovered images for the
68th band. The second and fourth rows show the corresponding error images. (a) Original image. (b) Degraded image 80% randomly entries from the original
image is removed and fill the value “0” on them. (c)–(j) Reconstructed images by HaLRTC [40], Square Deal [37], t-SVD [50], TMac [30], FBCP [38],
TNCP [28], LRR-TC, and NLRR-TC, respectively.

v(1) denote the values of v in the first and second time, respec-
tively. Larger sparseness of the unfolded matrices corresponds
to larger weights. Based on the spatial resolution and spec-
tral resolution characteristics of natural and remote sensing
HSIs, we set {α(0)

i } = {1, 1, 25}, {α(1)
i } = {1, 1.5, 1.2} in nat-

ural HSIs completion experiments, and {α(0)
i } = {1, 1, 2.25},

{α(1)
i } = {1, 6, 5} in remote sensing HSIs completion exper-

iments. Positive scale μ is also set separately for each case.
We empirically set μ(0) = (1/120), μ(1) = (1/160) in natu-
ral HSIs completion experiments, and μ(0) = (1/100), μ(1) =
(1/160) in remote sensing HSIs completion experiments.

C. Experimental Results on Natural HSIs

The average quantitative results of each method over
four natural HSIs under different SRs are tabulated in
Tables I and II. It can be seen that, in all cases, the proposed
LRR-TC and NLRR-TC methods outperform other meth-
ods in terms of all the evaluation indices. Even at very
low SR (10%), our proposed NLRR-TC method can obtain
good recovery (PSNR = 43.593 dB). More specifically, the
proposed NLRR-TC method outperforms the best compared
method (i.e., t-SVD) by 9.849 dB on PSNR, 0.071 on SSIM,
0.038 on FSIM, 0.077 on SAM, and 5.19e-2 on RSE on aver-
age results of four natural HSIs. In addition, compared with
the LRR-TC, the NLRR-TC can more accurately reconstruct
the HSI. Since there is spatial self-similarity within natural
HSI, grouping those nonlocal similar cubes offers contribu-
tion for its better completion. For space limitation, we leave

TABLE II
AVERAGE QUANTITATIVE RESULTS ON RSE OF THE TEST METHODS

WITH DIFFERENT SRS ON THE FOUR NATURAL HSIS. THE SRS

ARE 10%, 20%, AND 40%, RESPECTIVELY. THE BEST RESULT

IN EACH CASE IS HIGHLIGHTED IN BOLD

the visual comparisons of the natural HSIs completion results
in the supplementary file.

D. Experimental Results on Remote Sensing HSIs

The average quantitative results of each method on the
Pavia University and AVIRIS Cuprite data set under dif-
ferent SRs are reported in Tables III and IV. The results
show that our LRR-TC and NLRR-TC methods outperform
other compared methods in terms of five objective met-
rics. Specifically, the proposed NLRR-TC method outperforms
the best compared method (i.e., t-SVD) by 9.837 dB on
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TABLE III
QUANTITATIVE RESULTS OF THE TEST METHODS WITH DIFFERENT SRS ON THE PAVIA UNIVERSITY AND AVIRIS CUPRITE DATA SET.

THE SRS ARE 10%, 20%, AND 40%, RESPECTIVELY. THE BEST RESULT IN EACH CASE IS HIGHLIGHTED IN BOLD

PSNR, 0.037 on SSIM, 0.020 on FSIM, 0.032 on SAM, and
3.24e-2 on RSE on average results of the Pavia University
and AVIRIS Cuprite data set. In addition, compared with
the LRR-TC, the NLRR-TC can more accurately reconstruct
the HSI, especially in low SR (10%). The average gain
of NLRR-TC over LRR-TC on the Pavia University and
AVIRIS Cuprite data set under different SRs are up to 4.430
dB on PSNR, 0.014 on SSIM, 0.007 on FSIM, 0.012 on
SAM, and 1.25e-2 on RSE. This is due to the fact that
HSIs have good property of nonlocal spatial self-similarity.
By clustering nonlocal similar cubes, the formed 3-D tensor
rank is low, which can contribute significantly to its better
reconstruction.

The visual comparison results of the 68th band of the
Pavia University image with 20% SR can be found in Fig. 2.
It can be seen that the LRR-TC and NLRR-TC methods
get better reconstruction results compared with other meth-
ods (see the corresponding error results). By exploiting the
nonlocal self-similarity within HSI, the NLRR-TC method
performs much better than the LRR-TC. From the zoomed
red rectangular regions, it can be observed that the compared
methods generate more or less artifacts across the recov-
ered images. Specifically, textures are better recovered by the
proposed LRR-TC and NLRR-TC methods. It can demon-
strate that the LRR-TC model is effectively approximate the
tensor rank. In addition, different from the compared TC meth-
ods that treat the estimated tensor data as a whole, nonlocal
TC strategy is proposed in the step two in our NLRR-TC
method, which can further improve the reconstruction capa-
bility. For space limitation, we leave the visual comparison
results of the AVIRIS Cuprite data set in the supplementary
file.

TABLE IV
QUANTITATIVE RESULTS ON RSE OF THE TEST METHODS WITH

DIFFERENT SRS ON THE PAVIA UNIVERSITY AND AVIRIS CUPRITE

DATA SET. THE SRS ARE 10%, 20%, AND 40%, RESPECTIVELY.
THE BEST RESULT IN EACH CASE IS HIGHLIGHTED IN BOLD

E. Comparison Results of Nonlocal Completion

The initial completion tensor already has a satisfactory
result and we only divide it into ten clusters, thus a good
clustering result could be obtained. To further explain it, we
conduct an experiment on the Pavia University data set to
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TABLE V
QUANTITATIVE RESULTS OF THE TEST METHODS INTEGRATED WITH THE SECOND STEP WITH DIFFERENT SRS ON THE FOUR NATURAL HSIS DATA

SET. THE SRS ARE 10%, 20%, AND 40%, RESPECTIVELY. THE BEST RESULT IN EACH CASE IS HIGHLIGHTED IN BOLD

compare the cluster results on the original data and the ini-
tial completion tensor. The clustering result on original data
is regarded as the reference data. The mean clustering errors
of 2.2%, 1.0%, and 0.6% are respectively achieved, on the
initial completion tensors under SRs 10%, 20%, and 40%.
Therefore, the cluster results on the initial completion tensors
are effective. It is also valid to use the cluster results of the
initial completion tensors for nonlocal completion to further
improve the completion results.

Then, we compare the NLRR-TC with other methods inte-
grated with the second step to assess the nonlocal completion
performance. For convenience, the six compared methods
integrated with the second step are called as, N-HaLRTC,
N-Square Deal, N-t-SVD, N-TMac, N-FBCP, and N-TNCP,
respectively.

The average quantitative results of the test methods inte-
grated with the second step over four natural HSIs under
different SRs are reported in Tables V and VI. From these
quantitative comparisons, it can be observed that the NLRR-
TC outperforms all other competing methods with respective
to all evaluation measures. Specifically, the NLRR-TC out-
performs the best compared method (i.e., N-TNCP) by 1.629
dB on PSNR, 0.002 on SSIM, 0.002 on FSIM, 0.004 on
SAM, and 4.20e-3 on RSE on average results of four natural
HSIs. Furthermore, by quantitative comparisons Table I with
Table V, and Table II with Table VI, it can be observed that
by integrating the second step with the compared methods, the
completion performance has been improved except for t-SVD.
This is due to the fact that the t-SVD is mainly proposed for
data with linear camera motion, which is not good at handle
the clustered tensor formed in this paper. It is worth noting that
the performance of the HaLRTC, Square Deal, and TNCP, has
been significantly improved with nonlocal TC strategy. More
comparison results can be found in the supplementary file.

F. Computational Complexity

Considering Algorithm 1 for an N-dimensional input tensor
X ∈ RI1×I2×···×IN , the main running time is consumed by
performing SVD decomposition on the unfoldi(X k+(1/μk)yk

i )

with size of Ii×
∏

j�=iIj(1 ≤ i ≤ N) in each iteration. Therefore,
the computational complexity of Algorithm 1 is O(

∑
i I2

i ×∏
j�=iIj).

TABLE VI
QUANTITATIVE RESULTS ON RSE OF THE TEST METHODS INTEGRATED

WITH THE SECOND STEP WITH DIFFERENT SRS ON THE FOUR NATURAL

HSIS. THE SRS ARE 10%, 20%, AND 40%, RESPECTIVELY. THE BEST

RESULT IN EACH CASE IS HIGHLIGHTED IN BOLD

For Algorithm 2 with an input HSI X ∈ RI1×I2×I3 , the
main running time is consumed by performing SVD decom-
position and the clustering of similar cubes. In this paper,
we use the K-means++ method for clustering. The compu-
tational complexity of the K-means++ algorithm is O(Ls2),
where L is the number of clusters and s = O(I1I2) is number
of samples. In addition, the size of the jth clustered ten-
sor is W2 × I3 × sj(1 ≤ j ≤ L, s1 + s2 + · · · + sL = s),
where W is the spatial size of cube and sj is the number
of nonlocal similar cubes in the jth cluster. The compu-
tation cost is not competitive for quite large s. However,
completion on the L clustered tensors can be processed in
parallel, each with relatively small computation complexity
O(W2 × I3 × sj(W2 + I3 + sj)). Therefore, the overall compu-
tational complexity of Algorithm 2 is O(

∑
n I2

n ×∏
m�=nIm +

W2 × I3 × sj(W2 + I3 + sj) + Ls2)(1 ≤ n ≤ 3).

VI. CONCLUSION

In this paper, a novel NLRR-TC method is presented for
HSIs completion, which consists of two main steps. In the first
step, the LRR-TC is introduced into the whole degraded data to
generate an initial completion result. The LRR-TC model that
combines the logarithm of the determinant with the TTN, can
effectively approximate the tensor rank. The TLRR algorithm
is developed to effectively solve the tensor rank minimization
problem, whose convergence is also analyzed. In the second
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step, similar 3-D image cubes in the initial completion result
are first clustered into 3-D tensors, which enable themselves
to be better approximated by low-rank tensors, the LRR-TC is
then applied to each 3-D tensor to further improve the comple-
tion result. Experimental results demonstrate that the proposed
NLRR-TC method is capable of achieving better reconstruc-
tion than state-of-the-art HSIs completion approaches in tested
HSIs containing diverse and complex structures.

In our future work, we will extend the method to other types
of application, e.g., recommendation system, medical image,
and video completion. In addition, the correlations in different
channels will be utilized for multichannel image completion.
The proposed model may be also used to address the fourth-
order or higher-order tensors completion problem, and other
kinds of robust tensor recovery problems.
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