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Abstract—Combining a high-spatial-resolution multispectral
image (HR-MSI) with a low-spatial-resolution hyperspectral
image (LR-HSI) has become a common way to enhance the spa-
tial resolution of the HSI. The existing state-of-the-art LR-HSI
and HR-MSI fusion methods are mostly based on the matrix
factorization, where the matrix data representation may be hard
to fully make use of the inherent structures of 3-D HSI. We
propose a nonlocal sparse tensor factorization approach, called
the NLSTF_SMBF, for the semiblind fusion of HSI and MSI.
The proposed method decomposes the HSI into smaller full-band
patches (FBPs), which, in turn, are factored as dictionaries of the
three HSI modes and a sparse core tensor. This decomposition
allows to solve the fusion problem as estimating a sparse core
tensor and three dictionaries for each FBP. Similar FBPs are
clustered together, and they are assumed to share the same dic-
tionaries to make use of the nonlocal self-similarities of the HSI.
For each group, we learn the dictionaries from the observed HR-
MSI and LR-HSI. The corresponding sparse core tensor of each
FBP is computed via tensor sparse coding. Two distinctive fea-
tures of NLSTF_SMBF are that: 1) it is blind with respect to the
point spread function (PSF) of the hyperspectral sensor and 2) it
copes with spatially variant PSFs. The experimental results pro-
vide the evidence of the advantages of the NLSTF_SMBF method
over the existing state-of-the-art methods, namely, in semiblind
scenarios.
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I. INTRODUCTION

HYPERSPECTRAL imaging has recently shown promis-
ing performance in various computer vision tasks [1], [2]

and remote sensing [3]–[5] tasks. The advantages of the HSI
come from its high spectral resolution, which capacitates an
accurate recognition of the materials. Due to the limited sun
irradiance, there is a tradeoff between spectral resolution and
spatial resolution for the imaging sensors. HSIs with high
spectral resolution suffer from low-spatial resolution. On the
contrary, MSIs with much lower spectral resolution can be
acquired with higher spatial resolution. In this way, combining
a high-spatial-resolution MSI (HR-MSI) and a low-spatial-
resolution HSI (LR-HSI) is an economical way to obtain a
high-spatial-resolution HSI (HR-HSI), which has the same
spectral resolution and spatial resolution as the LR-HSI and
HR-MSI [6], [7], respectively. The fusion procedure breaks
the limitations of the imaging sensors and has demonstrated
to be very effective in practice. The fusion procedure is dif-
ferent from the single image super-resolution [8], which aims
at recovering an HR image only from an LR image.

Recently, HSI and MSI fusion, which fuses an LR-HSI with
an HR-MSI, has received increasing attention. The recent HSI
and MSI fusion methods can be categorized as nonblind and
semiblind. The nonblind fusion methods assume that the point
spread function (PSF) of a hyperspectral imaging sensor is
known, which allows to model the LR-HSI as a linear opera-
tion applied to the HR-HSI. Yokoya et al. [9] used the coupled
non-negative matrix factorization scheme to solve the nonblind
fusion problem, which alternatively estimates the two factors
of the HR-HSI. Lanaras et al. [10] proposed the coupled spec-
tral unmixing (CSU) model for the fusion problem, where
the LR-HSI and HR-MSI are alternatively unmixed to esti-
mate the spectral basis and abundances. To further make use
of the correlations among spectral bands, Simões et al. [11]
and Wei et al. [12] used a low-dimensional subspace repre-
sentation model to approximate the target HR-HSI, and then
use the total variation and learned sparse prior to regular-
ize the problem, respectively. Dong et al. [13] proposed a
non-negative structured sparse representation model to solve
the fusion problem, which exploits the nonlocal HSI spatial
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Fig. 1. Illustration of the traditional matrix decomposition and proposed
tensor decomposition of HSI. (a) Matrix factorization-based the HR-HSI
decomposition. (b) Tensor factorization based the HR-HSI decomposition.

similarities. Furthermore, some nonblind methods [14]–[17]
solve the fusion problem from a point of tensor represen-
tation. For example, Li et al. [14] simultaneously conduct
sparse tensor factorization for the LR-HSI and HR-MSI, where
dictionaries of three modes and sparse core tensor are alterna-
tively estimated for several iterations. Kanatsoulis et al. [15]
proposed a hybrid model, which is based on the low-
rank matrix and tensor factorization, to settle the fusion
problem.

The semiblind HSI and MSI fusion methods assume only
that the spectral response of the camera is known and do not
rely on the knowledge of PSF, which is often hardly known
in practice. The matrix factorization-based semiblind fusion
methods have been much actively investigated. These methods
first compute a spectral mode HSI unfolding matrix and then
factor this matrix into a spectral basis and the coefficients,
as Fig. 1(a) schematizes. In this way, the estimation of the
HR-HSI is transformed into estimating a spectral basis and
the coefficients. These methods, introduced first in [18] and
[19], decompose the HR-HSI into a spectral basis, learned
from the LR-HSI with the dictionary learning method, and the
coefficients computed on the HR-MSI with the learned spec-
tral basis, using a sparsity-inducing prior. A similar idea was
proposed by Huang et al. [20] for remote sensing HSI, which
uses the singular value decomposition to learn the spectral
basis. Akhtar et al. [21] first estimated a non-negative dic-
tionary, and then compute the coefficients via simultaneous
greedy pursuit algorithm, where a prior enforcing similarity
of the nearby spectra is adopted. The work in [22] proposes
to learn the spectral dictionary with a Beta process from the
LR-HSI, and uses the Bayesian sparse coding to infer the
coefficients from the HR-MSI.

The HSI is the 3-D data cube and then can be dealt with
from a tensor point of view. Recently, tensor factorization
has found broad applications in visual tracking [23], [24];

objection detection [25]; HSI denoising [26], [27]; comple-
tion [28], [29]; and compressive sensing [30]–[32]. The HSI
mainly has two characteristics, that is, high correlations among
the spectral bands and nonlocal spatial self-similarities. The
high correlations among the spectral bands result in low-rank
structure of the HSI, which has been widely used for HSI
restoration [27], [30], [32].

Motivated by the aforementioned works, we propose a non-
local sparse tensor factorization (NLSTF_SMBF) method for
the semiblind fusion of an HR-MSI and an LR-HSI. The
NLSTF_SMBF approach has two main components: 1) it
exploits HSIs local spatial–spectral correlation and nonlocal
spatial self-similarities and 2) it is based on the sparse Tucker
factorization. Each FBP of the HR-HSI contains its local
spatial–spectral information. To model this local information,
we approximate each FBP by the dictionaries of three modes
multiplied by a core tensor, as shown in Fig. 1(b). In the
decomposition, the dictionaries of three modes, respectively,
reflect the HSI information of the three modes. Meanwhile,
the core tensor encodes the strength of the interaction among
the dictionary elements of the three modes. In this way, the
HSI information of three modes is incorporated into a uni-
fied model and, therefore, we can better model the local
spatial–spectral correlations. In addition, images often con-
tain a number of similar patches [33]. To exploit the nonlocal
self-similarities in the HR-HSI, the similar FBPs of the HR-
HSI are grouped together, and then similar FBPs are assumed
to admit sparse representation on the same dictionaries. This
article is the longer version of conference paper [34], and we
further improve the conference paper for three aspects: 1) we
change the dictionary learning algorithm and tensor sparse
coding algorithm as the �1-norm-based ones, which improve
both the efficiency and accuracy of the algorithm; 2) we add
experiments on the remote sensing HSI, which further demon-
strate the effectiveness of our method; and 3) we emphasize
that our method semiblind and conduct the experiments on the
variant PSF case.

The remainder of this article is organized as follows. The
notations on tensors are given in Section II. Section III
presents the formulation of the HR-MSI and LR-HSI fusion.
We introduce the proposed NLSTF_SMBF method for the
HR-MSI and LR-HSI fusion in Section IV. In Section V,
experiments and discussions of spatially invariant and vari-
ant PSFs are presented. The conclusions are introduced
in Section VI.

II. NOTATIONS ON TENSORS

We denote an N-dimensional tensor as M = (mi1...iN ) ∈
R

I1×I2×,...,×IN . The mode-n unfolding vector of the tensor
M is defined as In-dimensional vector by changing index in
while keeping all the other indices fixed. The n-mode unfold-
ing matrix of the tensor M is M(n) ∈ R

In×I1I2,...,In−1In+1,...,IN ,
whose columns are all n-mode vectors [35].

Tensor Norms: The Frobenius norm and �1-norm of ten-
sor M are defined as ||M||F =

√∑
i1,...,iN |mi1···iN |2 and

||M||1 =
√∑

i1,...,iN |mi1···iN |, respectively.
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Tensor Product: The n-mode product of the matrix B ∈
R

Jn×In and tensor M ∈ R
I1×I2×···×IN can be represented as

C = M × nB (1)

where C ∈ R
I1×I2×···×Jn×···×IN , and its elements are calcu-

lated as

ci1···in−1jnin+1···iN =
∑

in

mi1···in−1inin+1···iN bjnin . (2)

Equation (1) is equivalent as matrix multiplication

C(n) = BM(n). (3)

The order of the multiplications does not make a difference
for distinct modes, which means that

M × mA × nB = M × nB × mA(n �= m). (4)

For the same mode, (4) is transformed as

M × nA × nB = M × n(BA). (5)

Tucker Decomposition: In this article, we use the Tucker
model [36] for tensors. Given the n-mode dictionaries
Dn ∈ R

Jn×In(n = 1, 2, . . . , N), we define the tensor C ∈
R

J1×J2×···×JN

C = M × 1D1 × 2D2 × · · · × NDN . (6)

Then, we have (see [37])

c = (DN ⊗ DN−1⊗, . . . ,⊗D1)m (7)

where the symbol ⊗ represents the Kronecker product, and
c = vec(C) ∈ R

J(J = ∏N
n=1 Jn) and m = vec(M) ∈ R

I(I =∏N
n=1 In) are vectors obtained by vectorizing the tensors C

and M, respectively. According to (6) and (7), we may say
that the tensor C admits a sparse representation on the n-mode
dictionaries, if the vector c has a sparse representation on the
dictionary D = DN ⊗ DN−1 ⊗ · · · ⊗ D1.

There is plenty of evidence [37] that the hyperspectral ten-
sors from the real world admit sparse representations with
respect to suitable dictionaries. Furthermore, using the Tucker
decomposition makes it easy to exploit sparsity in both the
spatial and the spectral modes. This is the fundamental reason
for the adoption of the Tucker decomposition in this article.

III. PROBLEM FORMULATION

All of the HR-HSI, HR-MSI, and LR-HSI are denoted
as 3-D tensors. The clean HR-HSI is represented by X ∈
R

W×H×S, which has S spectral bands and WH spectral pixels.
Y ∈ R

w×h×S denotes the obtained LR-HSI with S spectral
bands, and w < W and h < H pixels, corresponding to a
spatial downsampled version of X . Z ∈ R

W×H×s denotes the
acquired HR-MSI of the same scenario with the same spatial
resolution as X , and s < S, which corresponds to a spectrally
downsampled version of X . The fusion aims at estimating X
by combining Z with Y .

A. Matrix Decomposition-Based HR-MSI and LR-HSI Fusion

The linear unmixing model assumes that each spectral
pixel can be linearly represented as a number of spec-
tral signatures [38]. Based on this assumption, the matrix
factorization-based fusion approaches first unfold the HR-HSI
along the spectral mode as a matrix, and the unfolding matrix
is decomposed as coefficients and spectral basis, as illustrated
in Fig. 1(a). The decomposition can be formulated as

X(3) = DA (8)

where X(3) ∈ R
S×WH is the 3-mode unfolding matrix of tensor

X [i.e., each column of X(3) is a spectral vector of size S], and
A ∈ R

L×WH and D ∈ R
S×L are the coefficients and spectral

basis, respectively.
Both the HR-MSI and LR-HSI are the downsampled ver-

sions of the HR-HSI

Y(3) = X(3)G

Z(3) = P3X(3) (9)

where Z(3) ∈ R
s×WH and Y(3) ∈ R

S×wh are the matrices
obtained by unfolding Z and Y with the third mode, respec-
tively. Matrix G models blur and subsampling operations, that
is, G = GbGd, where Gb is a matrix representing a convolu-
tion between the PSF of the sensor and the HR-HSI bands and
Gd is the subsampling matrix, which selects the corresponding
spectral pixels. In the nonblind fusion methods, the matrix G is
assumed to be known, however, the semiblind fusion methods
do not rely on it. P3 ∈ R

s×S is the matrix modeling spectral
downsampling in the multispectral sensor.

B. Tensor Decomposition-Based HR-MSI and LR-HSI Fusion

As illustrated in Fig. 1(b) and different from the
matrix decomposition-based methods, the proposed tensor
factorization-based method aims at decomposing the clean
HR-HSI X as dictionaries of three modes and a core tensor,
that is,

X = C × 1W × 2H × 3S (10)

where the matrices W ∈ R
W×nw , H ∈ R

H×nh , and S ∈ R
S×ns

denote the dictionaries of the width, height, and spectral
modes, respectively. The three dictionaries are separable and
express the basic information of the HSI respective modes.
The tensor C ∈ R

nw×nh×ns holds the coefficients of X on the
three dictionaries.

The observed LR-HSI Y can be modeled as the downsam-
pled version of X . If the PSFs and downsampling matrices of
the hyperspectral imaging sensor are separable in two spatial
modes [39], then the LR-HSI is obtained from the HR-HSI as

Y = X ×1 P1 ×2 P2 (11)

where P 1 ∈ R
w×W and P 2 ∈ R

h×H denote the subsampling
matrices of the width and height modes, respectively. The sep-
arability assumption is valid, for example, for the boxcar and
Gaussian convolution kernels with the major axis aligned with
the spatial unit vectors. Under the separable assumption, we
have

G = (P 2 ⊗ P 1)
T (12)
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Fig. 2. Schematic view of the proposed NLSTF_SMBF method.

implying that the first equation in (9) and (11) are equivalent.
It should be noted the PSF and the downsampling matrices are
not necessarily always separable. The separability assumption
is a special case, which depends on the hyperspectral imaging
sensor. If the PSF or the downsampling matrices are not sep-
arable in the width mode and height mode, we can only use
the first equation in (9) rather than (11) to describe the spatial
downsampling process.

The HR-MSI Z (i.e., the spectrally subsampled version of
the HR-HSI) is given by

Z = X × 3P 3 (13)

where P3 ∈ R
s×S is the spectral subsampling matrix of the

multispectral imaging sensor.
According to expression (10), to reconstruct the clean HSI,

we need to estimate the dictionaries W, H, S, and core
tensor C.

IV. PROPOSED NLSTF_SMBF METHOD

As illustrated in Fig. 2, the NLSTF_SMBF method has
three main steps: 1) nonlocal clustering of the FBPs; 2) esti-
mating the dictionaries of three modes; and 3) estimating
the core tensor. If the entire HR-HSI is directly recon-
structed, we have dictionaries of three modes W ∈ R

W×nw ,
H ∈ R

H×nh , S ∈ R
S×ns , and the Kronecker dictionary

Dkron = S ⊗ H ⊗ W ∈ R
WHS×nwnhns , which, for typical val-

ues of W, H, S, nw, nh, ns, is very large. Dealing with such
big dictionaries not only has high computational cost but also
requires large storage resources. To circumvent these hurdles,
the HR-HSI is reconstructed in a patch-by-patch manner. The
entire HR-HSI is first partitioned into several FBPs of size
dW × dH × S, yielding W1 ∈ R

dW×nw , H1 ∈ R
dH×nh , and

Dkron1 = S ⊗ H1 ⊗ W1 ∈ R
dW dHS×nwnhns for each FBP, where

dW << W and dH << H. In this way, the size of dic-
tionaries W1, H1, and Dkron1 is considerably reduced. For

example, if we have W = 512, H = 512, dW = 8, and
dH = 8, the size of the dictionary Dkron1 is reduced by a fac-
tor of 1/4096 compared with the original size. Therefore, we
adopt the patch-by-patch reconstruction approach as it largely
reduces the computation and storage cost, while yielding a
competitive performance, as illustrated in Section V. Another
reason to use small FBPs is that it allows to cluster them
and built cluster-fitted dictionaries. Based on the above tensor-
based HSI factorization, the HR-MSI and LR-HSI fusion is
transformed into estimating the core tensor and dictionaries
of three modes for each HR-HSI FBP. First of all, to make
use of the nonlocal self-similarities, the similar HR-MSI FBPs
are grouped together, and then the FBPs of the LR-HSI and
desired HR-HSI are also clustered on the basis of their spatial
locations. The HR-HSI FBPs in the same cluster are decom-
posed on the same dictionaries using a sparsity-inducing prior.
Next, we learn the dictionaries of three modes for each cluster
and then estimate the sparse core tensor for each FBP via a fast
tensor sparse coding method. Finally, the learned dictionaries
and estimated sparse core tensors are used to reconstruct the
HR-HSI FBPs. Each step of the NLSTF_SMBF is introduced
in detail in the following text.

A. Nonlocal Clustering of the FBPs

Since the HR-MSI is modeled as the spectrally subsam-
pled version of the HR-HSI, it preserves most of the spatial
information of the HR-HSI. Therefore, we can learn the spatial
self-similarities from the HR-MSI. Specifically, the HR-MSI
Z ∈ R

W×H×s is spatially partitioned into several overlap-
ping FBPs with the spatial size of dW × dH and full spectral
size of HR-MSI s. The total number of FBPs is Nc =
([W − dW/[dW − p] + 1)([H − dH]/[dH − p] + 1), where p is
the size of the overlap. The basic idea is to cluster the HR-MSI
FBPs into K groups Z(k) = {Z(k,j)}nk

j=1, k = 1, 2, . . . , K, where
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nk is the number of FBPs in the kth cluster. Z(k,j) ∈ R
dW×dH×s

denotes the jth FBP of the kth cluster, where dW and dH are the
dimensions of the width and height modes, respectively. The
Kmeans++ method [40] improves both the speed and accu-
racy of the K-means approach and, therefore, it is employed to
obtain clusters of all HR-MSI FBPs. Based on the learned clus-
ter structure, we build clusters of LR-HSIs and HR-HSIs FBPs
with the same spatial structure. Each pixel in Y is assumed to
correspond to a c × c patch in Z , where c is the downsam-
pling factor. If any pixel in c × c patch in Z is clustered into
the kth group, the corresponding pixel in Y is also grouped
into the kth group. The pixels in the HR-MSI patch of size
c × c may be clustered into different groups and, therefore,
the corresponding LR-HSI pixel is also divided into different
groups simultaneously. In this way, we can acquire the clusters
Y(k) ∈ R

S×Nk , k = 1, 2, . . . , K based on the learned cluster
structure in Z , where Nk is the number of spectral pixels in
the kth cluster group.

B. Tensor Dictionary Learning

This section introduces the process of learning dictionar-
ies of three modes. The HR-HSI FBPs in the same cluster
are similar to each other and, therefore, we assume them to
admit sparse representation on the same dictionaries. The dic-
tionary learning scheme is the same for all clusters, and we
take the dictionary learning of the kth cluster for an example
to introduce the dictionary learning scheme without loss of
generality.

On the basis of the above tensor decomposition, the FBPs
X (k,j) in the kth cluster are approximately represented as

X (k,j) = C(k,j) × 1Wk × 2Hk × 3Sk, j = 1, 2, . . . , nk (14)

where the matrices Wk ∈ R
dW×lW , Hk ∈ R

dH×lH , and Sk ∈
R

S×lS represent the dictionaries of the width mode with lW
atoms, height mode with lH atoms, and spectral mode with lS
atoms, respectively. The core tensor C(k,j) ∈ R

lW×lH×lS encodes
the strength of the interactions among the columns of the dic-
tionaries Wk, Hk, and Sk. The HR-MSI preserves most of
the spatial information of the HR-HSI and, therefore, the dic-
tionaries Wk and Hk are learned from {Z(k,j)}nk

j=1. According
to (13), the HR-MSI FBPs of the kth group, Z(k,j) can be
written as

Z(k,j) = X (k,j) × 3P3, j = 1, 2, . . . , nk. (15)

Combining (14) and (15), we can also write Z(k,j) as

Z(k,j) = C(k,j) × 1Wk × 2Hk × 3S∗
k , j = 1, 2, . . . , nk (16)

where S∗
k = P3Sk is the spectral dictionary for the HR-

MSI obtained by downsamping Sk with the spectral mode.
According to (16), the 1-mode (width mode) unfolding matrix
of the tensor Z(k,j) can be represented as

Z(k,j)
(1) = WkA(k,j)

(1) , j = 1, 2, . . . , nk (17)

where A(k,j)
(1) and Z(k,j)

(1) are 1-mode unfolding matrices of
tensors A(k,j) = C(k,j) × 2Hk × 3S∗

k and Z(k,j), respec-
tively. According to (17), we note that each column of

Mwk = [Z(k,1)
(1) , Z(k,2)

(1) , . . . , Z(k,nk)
(1) ] can be written as a linear

combination of columns of matric Wk. In this article, we do
use a sparsity-inducing prior to regularize the corresponding
factorization. This prior is used both in the dictionary leaning
and in the sparse coding stages. In the first stage, it promotes
dictionaries, usually over-complete, with respect to which the
respective mode is sparsely represented; in the second case, it
yields sparse codes. Herein, our objective is to find a matrix
factorization Mwk = WkBwk such that the columns of Mwk are
sparsely represented with respect to the dictionary Wk. This
matrix factorization problem is a severely ill-posed problem.
To obtain such a factorization, Wk is designed to be over-
complete and it is estimated by solving a sparsity-constrained
dictionary learning problem, formulated as

min
Wk,BWk

∣∣∣∣Mwk − WkBwk

∣∣∣∣2
F + λ1

∣∣∣∣Bwk

∣∣∣∣
1 (18)

where || · ||1 and || · ||F denote the �1-norm and Frobenius
norm, respectively, and λ1 is the sparsity regularization param-
eter. Problem (18) is nonconvex and its solution is often not
unique. However, it is convex with regard to the dictionary
Wk and to the coefficients Bwk . Herein, we take the dictionary
learning method proposed in [13] to solve the problem (18); it
updates alternately the dictionary and the coefficients. The dic-
tionary is updated, keeping the coefficients fixed, using block
coordinate descent, which imperatively updates the columns of
dictionary. The coefficients are updated, keeping the dictionary
fixed, using the alternating direction method of multipliers
(ADMMs) method [41].

We now address the 2-mode (height mode) of the ten-
sor Z(k,j) in a way parallel to mode-1. Equation (16) is
equivalent to

Z(k,j)
(2) = HkB(k,j)

(2) , j = 1, 2, . . . , nk (19)

where B(k,j)
(2) and Z(k,j)

(2) are 2-mode matrices of tensors B(k,j) =
C(k,j) × 1Wk × 3S∗

k and Z(k,j), respectively. On the basis
of (19), we can also find that each column of the matrix
Mhk = [Z(k,1)

(2) , Z(k,2)
(2) , . . . , Z(k,nk)

(2) ] can be linearly represented
by columns in the matric Hk. In a way similar to the estima-
tion of Wk, the estimation of Hk is carried out by solving the
sparsity-constrained optimization problem

min
Hk,Bhk

∣∣∣∣Mhk − HkBhk

∣∣∣∣2
F + λ2

∣∣∣∣Bhk

∣∣∣∣
1 (20)

where λ2 is the sparsity regularization parameter. As in (18),
we compute an approximated solution to (20) using the
dictionary learning algorithm proposed in [13].

The LR-HSI is modeled as the spatially downsampled ver-
sion of the HR-HSI and, therefore, it preserves the bulk of the
spectral information in the HR-HSI. Therefore, we learn the
dictionary for the spectral mode Sk from Y(k) ∈ R

S×Nk , which
are made up of LR-HSI pixels in the kth group. Here, we use
the vertex component analysis (VCA) [42] to learn the spec-
tral dictionary, which is the state-of-the-art spectral unmixing
method.
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C. Tensor Sparse Coding

Once we know the dictionaries of the kth cluster, Wk, Hk,
and Sk, the core tensor C(k,j) ∈ R

lW×lH×lS needs to be estimated
to recover the HR-HSI FBPs of the kth cluster. The PSF of HSI
imaging sensor may be hard to estimate in practice when the
PSF is spatially variational. Hence, only the observation model
of HR-MSI, the second equation in (9), is used for estimation
of the core tensors, which does not rely on the observation
model of the LR-HSI, the first equation in (9). Therefore, our
method is semiblind. Since the underlying equation related to
C(k,j) is underdetermined, the solution of C(k,j) is not unique.
Hence, the prior information is needed to regularize the esti-
mation of C(k,j). As in the estimation of the dictionaries, and
as a consequence of the HSI self-similarities and local spatial-
spectral correlations, we assume that the core tensor C(k,j) is
sparse. The �1-norm is the convex relaxation of the �0-norm,
and the �1-norm regularization has been successfully used for
tensor completion [28]. Here, we also adopt �1-norm to pro-
mote sparse core tensors, yielding the following optimization
problem:

min
C(k,j)

∣∣∣∣Z(k,j) − C(k,j) × 1Wk × 2Hk × 3S∗
k

∣∣∣∣2
F + λ

∣∣∣∣C(k,j)
∣∣∣∣

1

(21)

where λ is the sparsity regularization parameter, and ||C(k,j)||1
represents the �1-norm of tensor C(k,j) (defined in Section II).
On the basis of the equivalence of (1) and (3), problem in (21)
is equivalent to

min
c(k,j)

∣∣∣∣z(k,j) − Dkc(k,j)
∣∣∣∣2

F + λ
∣∣∣∣c(k,j)

∣∣∣∣
1 (22)

where z(k,j) = vec(Z(k,j)) ∈ R
sdW dH and c(k,j) = vec(C(k,j)) ∈

R
lW lHlK are the vectors obtained by heaping up all 1-mode

vectors of tensors Z(k,j) and C(k,j), respectively. The matrix
Dk is computed by

Dk = S∗
k ⊗ Hk ⊗ Wk. (23)

Optimization (22) is convex and thus we can solve it efficiently
by the ADMM. By introducing the constraint v = c(k,j), we
can acquire the augmented Lagrangian function

L
(

v, c(k,j), g
)

= ∣∣∣∣z(k,j) − Dkv
∣∣∣∣2

F + λ
∣∣∣∣c(k,j)

∣∣∣∣
1

+ μ
∣∣∣∣c(k,j) − v + g

2μ

∣∣∣∣2
F (24)

where μ > 0 is the penalty parameter, and g is a vector
holding the scaled Lagrangian multipliers. The saddle points
of the augmented Lagrangian function (24) are obtained by
iteratively computing the expressions

vt+1 = (
DT

k Dk + μI
)−1

(
DT

k z(k,j) + μc(k,j)t + gt

2

)

c(k,j)t+1 = soft

(
vt+1 − gt

2μ
,

λ

2μ

)

gt+1 = gt + 2μ
(

c(k,j)t+1 − vt+1
)

(25)

where soft(a, b) = sign(a) max(|a|−b, 0), and I is the identity
matrix. Here, the term (DT

k Dk+μI)−1 in (25) can be computed

very efficiently as follows:
(
DT

k Dk + μI
)−1 = (P3 ⊗ P2 ⊗ P1)

(�3 ⊗ �2 ⊗ �1 + μI)−1

(
PT

3 ⊗ PT
2 ⊗ PT

1

)
(26)

where �i and Pi, for i = 1, 2, 3, are diagonal matrices and
unitary matrices remaining the eigenvalues and eigenvectors
of Wk

TWk, Hk
THk, and S∗

k
TS∗

k , respectively. Therefore, (�3⊗
�2 ⊗ �1 + μI)−1 is a diagonal matrix, and the multiplication
is element wise. In addition, we note that the actions of PT

i
and Pi can be made by just i-mode tensor products. Finally,
the term DT

1 y in (25) can be calculated via the equation

DT
k z(k,j) = vec

(
Z(k,j) × 1WT

k × 2HT
k × 3S∗

k
T
)

(27)

where vec(·) is the vectorization operation. In this way, all
core tensors C(k,j) for HR-HSI FBPs are estimated.

Once the sparse core tensors {C(k,j)}nk
j=1 and dictionaries Wk,

Hk, and Sk are estimated, the HR-HSI FBPs {X (k,j)}nk
j=1 of the

kth cluster are estimated via (14). Finally, the recovered FBP
sets are returned to their locations and aggregated to form the
HR-HSI X by straight averaging.

V. EXPERIMENTS

A. Datasets

In this section, we evaluate the effectiveness of the
NLSTF_SMBF approach by applying it to ground-based and
remotely sensed hyperspectral data.

For the ground-based hyperspectral data, we conduct
exhaustive experiments on the Columbia Computer Vision
Laboratory (CAVE) dataset [43]. The CAVE dataset has 32
indoor HSIs captured by a generalized assorted pixel camera.
The HSIs are of size 512 × 512 × 31, which has 31 spectral
bands and 512 × 512 spectral pixels. The bands are acquired
with the range 400–700 nm and wavelength interval of 10 nm.
We use the HSIs from the CAVE dataset as ground truth. In
order to generate LR-HSIs, a Gaussian kernel of size 5 × 5
of standard variation 2 is first applied to the HR-HSIs, and
then subsampled with a factor of 32 in both the width and the
height modes, for each band of X . In this way, the size of
LR-HSIs is 16 × 16 × 31 for the CAVE dataset. The 3-band
HR-MSI Z of the same scenario is generated by subsampling
X with the spectral model. The spectral subsampling matric
is acquired from the response of a Nikon D700 camera.

For the remotely sensed sensing HSIs, we choose Pavia
University [44] captured over the urban area of the University
of Pavia. The HSI has a spatial resolution of 1.3 m and a
spectral range of 0.43 and 0.86 μm. The image has the size
of 610 × 340 × 115 which has 115 bands and 610 × 340
spectral pixels. Some bands contain water vapor absorption,
and the HSI is reduced to 93 bands after discarding these
bands. The top left 256×256 spectral pixels are selected in the
experiment for the convenience of the spatial downsampling
process. The LR-HSI of size 64 × 64 × 93 is generated by
using a 5 × 5 Gaussian blur of standard variation 2, and by
subsampling every 4 pixels in the width and height modes. We
use the IKONOS-like reflectance spectral response filter [12]
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(a) (b) (c)

Fig. 3. RMSE curves for the proposed NLSTF_SMBF method as functions of the number atoms (a) lW , (b) lH , and (c) lS.

(a) (b) (c)

Fig. 4. RMSE curves for the proposed NLSTF_SMBF method as functions of parameters (a) λ1, (b) λ2, and (c) λ.

to simulate the HR-MSI with the size of 256 × 256 × 4. The
Gaussian noise is added to the HR-MSI (SNR = 35 dB) and
LR-HSI (SNR = 30 dB), respectively.

The proposed NLSTF_SMBF approach is compared with
the state-of-the-art HR-MSI and LR-HSI fusion methods,
including the generalization of simultaneous orthogonal
matching pursuit (GSOMP) [21], the Bayesian sparse rep-
resentation (BSR) [22], the CSU [10], the nonlocal sparse
representation method [13], and the coupled sparse tensor fac-
torization [14]. GSOMP and BSR are the blind fusion methods
and CSU, CSTF, and NSSR are the nonblind fusion methods.

B. Quantitative Metrics

Six quantitative indices are used in this article to measure
the quality of recovered HSIs, including the root-mean-square
error (RMSE), spectral angle mapper (SAM), relative dimen-
sionless global error in synthesis (ERGAS) [45], and universal
image quality index (UIQI) [46].

C. Parameter Selection

To evaluate the sensitivity of the proposed method with
respect to its key parameters, the NLSTF_SMBF is run for
distinct values of the number of atoms of dictionaries of the
three modes lW , lH , lS, the sparsity regularization parameters

in the dictionary learning process λ1, λ2, the sparsity regu-
larization parameter in the sparse coding process λ, and the
number of cluster scaling parameter K.

Fig. 3 plots the RMSE of the reconstructed HSIs of Balloons
(image in the CAVE dataset) and Pavia University as functions
of the number of atoms lW , lH , and lS of the dictionaries for the
width, height, and spectral modes, respectively. From Fig. 3(a)
and (b), we can see that the RMSE for Pavia University has
a drop when lW , lH , and lS vary from 4 to 14, and then it
reaches the stable level. The RMSE for Balloons does not
change obviously as lW , lH , and lS vary from 4 to 10. Hence,
we set lW = 10, lH = 10, and lS = 14 for both the CAVE
dataset and Pavia University.

Parameters λ1 and λ2 also have an important effect on
the dictionary learning process, and λ controls the sparsity
of the core tensor in the tensor sparse coding stage. Fig. 4
plots the RMSE of the recovered HSIs Pavia University and
Balloons as the functions of logλ1, logλ2, and logλ (log is
base 10). As can be seen from Fig. 4, the RMSE for Balloons
changes little as logλ1, logλ2, and logλ vary from −7 to −3,
and then it increases. The RMSE for Pavia University does
not change significantly when logλ1, logλ2, and logλ vary
from −7 to −2. Therefore, we set λ1 = 10−5, λ2 = 10−5, and
λ = 10−6 for both the CAVE and Pavia University databases.

The superiority of nonlocal information is mainly influenced
by the number of clusters K. Fig. 5 plots the RMSE curves of
the recovered HSIs Balloons and Pavia University as a function



This article has been accepted for inclusion in a future issue of this journal. Content is final as presented, with the exception of pagination.

8 IEEE TRANSACTIONS ON CYBERNETICS

TABLE I
QUANTITATIVE RESULTS FOR THE INVARIANT PSF CASE ON THE CAVE DATASET [43] AND PAVIA UNIVERSITY [44]

Fig. 5. RMSE curves for the proposed NLSTF_SMBF method as functions
of the number of cluster K.

of the parameter K. When K = 1, we do not use the nonlocal
cluster operation, and all FBPs of the HR-HSI belong to one
group and are assumed to share the same dictionaries. It can
be seen that the RMSE of all test images drops as K increases,
which indicates that the nonlocal cluster process really works.
When K reaches the values 151, the RMSE of the two test
images reaches a relatively stable level. Therefore, the number
of clusters is set to 160 for both two datasets. In addition, the
spatial size of HR-HSI FBPs is 8 × 8 (dW = 8, dH = 8) with
overlap 4 (p = 4).

At this point, we note that the proposed NLSTF_SMBF
method does not make any assumption about the PSF of the
hyperspectral sensor, although it assumes the knowledge of the
spectral responses of the multispectral imaging sensor. For this
reason, we label our approach as “semiblind.” This semiblind-
ness opens the door to solve the fusion problems in which the
PSF of the hyperspectral sensor is spatially variant endowing
NLSTF_SMBF with a very important form of model robust-
ness. The two ensuing sections address invariant and variant
PSF scenarios.

D. Experimental Results With Spatially Invariant PSF

In this section, we assume a spatially invariant PSF, which
is assumed to be perfectly known for the CSU and CSTF non-
blind fusion methods, and they incorporate the first equation
in (9) for reconstruction. However, semiblind fusion methods
GSOMP, BSR, and NLSTF_SMBF do not take advantage of
the knowledge of the PSF and, therefore, this experimental
setting favors the nonblind fusion methods.

Table I shows the values of the considered metrics for
the CAVE dataset and the Pavia University dataset. We
highlight the best results in bold for clarity in the table.
NLSTF_SMBF performs clearly better than GSOMP and BSR,
among the semiblind fusion methods. Specifically, the advan-
tage of NLSTF_SMBF is considerable in terms of the RMSE,
UIQI, and ERGAS, which means that the recovered HR-
HSIs of the NLSTF_SMBF are closer to the ground truth.
Since the PSF is assumed to be perfectly known, the nonblind
fusion methods CSU, CSTF, and NSSR perform better than
the semiblind fusion methods BSR and GSOMP. However,
even under unfair conditions, NLSTF_SMBF still has supe-
rior performance over that of CSU, CSTF, and NSSR on Pavia
University.

E. Experimental Results With Spatially Variant PSF

The PSF of a camera is often spatially variant, which further
complicates the already challenging imaging inverse problems.
A distinctive feature of NLSTF_SMBF is that it copes with
spatially variant PSFs in a blind fashion. To illustrate the abil-
ity of NLSTF_SMBF to cope with spatially variant PSFs,
we generate an LR-HSI from the HR-HSI using a spatially
variant Gaussian filter of size 5 × 5 and a spatially variant
standard deviation; we split the HR-HSI into (W/4) × (H/4)

nonoverlapped FBPs, and set the spatial standard deviation of
the Gaussian filter on each FBP to 0.5 + ([i + j]/4), where
(i, j) ∈ {1, 2, 3, 4}2 indices the 2-D FBPs. The blur is the
same across the spectral bands in each FBP. The other set-
tings are the same as for the invariant PSF case. For the
nonblind fusion methods CSU and CSTF, the blur is assumed
to be 5 × 5 Gaussian blur of standard variation 1.75 (average
standard deviation of all FBPs).

Table II shows the quantitative results of the spatially vari-
ant PSF. The performance of the nonblind fusion methods is
clearly reduced in the spatially variant PSF case; on the con-
trary, the semiblind fusion methods BSR and NLSTF_SMBF
have similar (to the invariant scenario) performance in this
case. The reason is that the semiblind fusion methods
do not rely on the knowledge of the PSF. The proposed
NLSTF_SMBF method performs the best in this case. Fig. 6
shows the false color images and SAM images computed from
the estimated HSIs produced by the tested methods on the spa-
tially invariant PSF case and spatially variant PSF case. The
SAM images reflect the spectral errors associated with the
fusion results. As can be seen from that figure, the nonblind
fusion methods CSTF, CSU, and NSSR perform well on the
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(a) (b) (c) (d) (e) (f) (g)

Fig. 6. First and second rows show the false color images (composed by bands 32, 13, 8) and SAM images of the testing methods on a spatially invariant
PSF case. The third and fourth rows show the false color images (composed by bands 32, 13, 8) and SAM images of the testing methods on a spatially
variant PSF case.

TABLE II
QUANTITATIVE RESULTS FOR THE VARIANT PSF CASE ON THE CAVE DATASET [43] AND PAVIA UNIVERSITY [44]

spatially invariant PSF case and have obvious flaws on the spa-
tially variant PSF case. However, our method performs well
on both the cases.

F. Experimental Results on Real Data

The real LR-HSI is captured by the Hyperion sensor
onboard of Earth Observing-1 satellite. The LR-HSI has a
spatial resolution of 30 m and 220 spectral bands in the spec-
tral range of 400–2500 nm. After removing the bands of low
SNR, 89 bands are preserved. An area of spatial size 80 × 80
is used in this experiment. The real HR-MSI is acquired by
the Sentinel-2A satellite. It has 13 spectral bands, and we use
the four bands with 10-m spatial resolution for the fusion. The
central wavelengths of the four bands are 490, 560, 665, and
842 nm. The spatial size of the HR-MSI is 240 × 240. We

estimate the spectral response R and convolution blur B via
the method proposed in [11]. Fig. 7 shows the fused HR-HSI
at the sixth band. As shown in the figure, all shown methods
can visibly improve the spatial resolution of the observable
LR-HSI. The fusion results of BSR and NLSTF_SMBF look
better than the others. NLSTF_SMBF is, however, faster than
BSR.

G. Effectiveness of Nonlocal Clustering

To verify the effectiveness of this nonlocal method, Table III
reports the average quantitative metrics with/without the clus-
tering strategy for the invariant PSF case on the CAVE dataset
and Pavia University. When K = 1, we do not use the non-
local cluster operation, and all FBPs of the HR-HSI belong
to one group and are assumed to share the same dictionaries.
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TABLE III
QUANTITATIVE RESULTS OF WITH/WITHOUT THE CLUSTERING STRATEGY FOR THE INVARIANT

PSF CASE ON THE CAVE DATASET AND PAVIA UNIVERSITY

TABLE IV
COMPUTATIONAL TIME IN SECONDS OF THE COMPARED APPROACHES

(a) (b) (c) (d)

(e) (f) (g) (h)

Fig. 7. Real data results for the sixth band of a HR-HSI. (a) Hyperion LR-HSI, (b) Sentinel-2A HR-MSI, (c) GSOMP [21], (d) BSR [22], (e) CSU [10],
(f) CSTF [14], (g) NSSR [13], (h) NLSTF_SMBF.

We can see from the table that the clustering strategy clearly
improves the performance on the CAVE and Pavia University
datasets.

H. Running Time

All experiments are coded in MATLAB R2018b and run in
a computer with an Intel Core-E5-2603 CPU with 1.6-GHz
and 96-GB random access memory. Table IV shows the aver-
age running time on the CAVE dataset and Pavia University,
respectively. In all the compared methods, the proposed
NLSTF_SMBF has the speed advantage. Besides, since the
NLSTF_SMBF method can be implemented for each cluster
separately, the proposed NLSTF_SMBF can be further accel-
erated via parallel computing. To ensure fair time comparison,
we have not considered parallel computing in calculating the
running time of NLSTF_SMBF.

VI. CONCLUSION

In this article, we presented a novel NLSTF_SMBF-
based framework to estimate an HR-HSI, by fusing an
LR-HSI with an HR-MSI counterpart. Unlike recent matrix

factorization-based HSI and MSI fusion methods, the proposed
NLSTF_SMBF method considers each FBP of the HSI as a
tensor with three modes and factorizes it as a sparse core
tensor multiplication by dictionaries of the three modes. In
addition, nonlocal spatial self-similarities are incorporated into
the sparse tensor factorization. With the proposed frame-
work, the HSI spatial–spectral information is fully exploited.
Two distinctive features of NLSTF_SMBF is that it is blind
with respect to the PSF of the hyperspectral sensor and
copes with spatially variant PSFs. Our approach is com-
pared with the state-of-the-art methods on ground-based and
remotely sensed-based HSIs. The obtained results system-
atically outperformed the competitors, giving experimental
evidence of the effectiveness of the proposed NLSTF_SMBF
method.
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